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Abstract 

We consider the topological interactions of vortices on general surfaces. If the 
genus of the surface is greater than zero, the handles can carry magnetic flux. The 
classical state of the vortices and the handles can be described by a mapping from 
the fundamental group to the unbroken gauge group. The allowed configurations 
must satisfy a relation induced by the fundamental group. Upon quantization, the 
handles can carry "Cheshire charge." The motion of the vortices can be described 
by the braid group of the surface. How the motion of the vortices affects the state is 
analyzed in detail. 
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1. Introduction 



When a gauge symmetry is spontaneously broken, in general there will be stable 
topological defects.'^^ What types of defects will be created depends on the spacetime 
dimension and the topology of the vacuum manifold. In two spatial dimensions, if 
the fundamental group of the vacuum manifold is non-trivial, there will be point 
defects which are called vortices. A charged particle winding around a vortex will be 
transformed by an element of the unbroken gauge group. This is the (non-abelian) 
Aharonov-Bohm effect!^"^^' It is long-range and topological. This means that the 
gauge transformation will not depend either on how far apart the particle and the 
vortex are, or on the exact loops the charged particle travels along, as long as their 
linking numbers with the vortex are the same. We will say that the vortex carries 
(non-abelian) magnetic flux. 

Another way to look at it is that in the presence of the vortices, the funda- 

['^] 

mental group of the surface is non-trivial. After a charged particle travels along a 
non-contractible loop around a vortex, it will remain the same only up to a gauge 
transformation. The element of the unbroken gauge group associated with that trans- 
formation is the magnetic flux carried by the vortex. However, the fundamental group 
of the surface may be non-trivial even without any vortices. For example, there may 
be handles on the surface. There arc two non- equivalent non-contractible loops asso- 
ciated to each handle. Then, by the same argument, wc expect wc can assign group 
elements to the two loops and the handle can carry magnetic flux; therefore, the 
handles will have topological interactions with the vortices and the charged particles. 
If we interchange two vortices or let a vortex go along a non-contractible loop, the 
magnetic flux carried by the vortices and the loop will be changed. This kind of mo- 
tion of the vortices can be described by the braid group of the surface!^^'"' We then 
have a natural action of the elements of the braid group on the states of the vortices 
and the surface. 

If the surface is compact, there is one relation between the generators of the 
fundamental group of the surface, the group elements assigned to the vortices and 
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the non-contractible loops must satisfy a relation induced from that relation. This 

restricts the possible magnetic flux carried by the vortices and handles on any compact 
surfaces. The simplest example is that we cannot put a single non-trivial vortex on 
a sphere. 

In the semiclassical approximation, a pair consisting of a vortex and an anti- vortex 
may carry electric charge, "Cheshire charge." It turns out that the properties of 
a handle are similar (but not equal) to the properties of two vortex- anti- vortex pairs. 
In particular, a handle can carry Cheshire charge. If the size of the handle is very 
small, an observer outside the handle will see a "particle" that carries both magnetic 
flux and electric charge, a dyon!^' (The term "dyon" is originally for a particle that 
carries both electric and magnetic charge in 3 -|- 1 dimensions. We stretch its meaning 
to 2 -|- 1 dimensional spacetime.) In fact, any particle that carries magnetic flux 
and/or electric charge falls into the representations of the quantum double associated 
with the gauge group.'^^'^^' In the language of the quantum double, we have a unified 
treatment of the magnetic flux and electric charge. There is also a restriction on the 
configurations of the dyons on any compact surface. 

In section 2, the basic properties of vortices will be briefly reviewed. The purpose 
of this section is to establish conventions. In section 3, the braid group of a surface 
will be described and the topological interactions between vortices and handles will 
be analyzed. We will find out that, locally, there is no restriction on the assignment of 
group elements to the non-trivial loops of a handle. In section 4, we will give a semi- 
classical analysis of the theory. The argument that the handle can carry Cheshire 
charge is given. We also explain what a quantum double is and why it is relevant. 
In section 5, the most general formulation of dyons on a surface is described. (The 
analysis of the previous sections is a special case in this formulation.) We give the 
conclusions and some comments in section 6. 
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2. Non-abelian vortices 



We assume that for our theory, in the high energy regime, the gauge group is a 
simply connected Lie group. In the low energy regime, the symmetry is spontaneously 
broken by the Higgs mechanism, say, to a finite group, G. Then in 2 + 1 dimensions, 
the point defects will be classified by 7ro(G') = C!^' From now on, we only consider the 
unbroken gauge group and its representations. The original broken gauge group plays 
no role in the following discussion. If the energy scale of the symmetry breaking is 
very high, the size of the vortices will be very small. Low energy experiment usually 
cannot probe the core of vortices. Then the space that a low energy particle sees is 
the original space with the points where the vortices are removed. 

We can assign a group element to any isolated vortex to label the fiux by the 
following method. Choose a fixed but arbitrary base point, xq (away from the vortex), 
and a loop around it. Then, calculate the untraced Wilson loop. 
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where P denotes the path ordering. The orientation of the loop, C, is only a con- 
vention. We adopt the convention indicated in Fig. 1. Then, if a charged particle 
in representation (i/) of G is transported along the loop G, it will be transformed by 
D^-\a{G,xo)y:'' 

^£)W(a(C,2;o))^;^'^^ (2.2) 

where v^'^^ denotes the state of the charged particle. 

Since the unbroken gauge group is discrete, there is no local low energy gauge 
excitation. The group clement a{G, xq) is invariant under a continuous deformation 
of the loop G. This is how the fundamental group of the space comes in. We have 
assigned a group element to a generator of the fundamental group of the space with 
punctures. 
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Fig. 1: The vortex in this figure is represented by a circle with a cross. We choose 
a base point, xq, and a standard path, C, around the vortex to measure its flux. 

If there are two or more vortices, we have to choose a standard loop for each 
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vortex as in Fig. 2. Then we can assign group elements to the loops. The combined 
magnetic flux, for example, of vortex 1 and vortex 2 is the product of the group 
elements associated to them. Here we adopt the convention that the product of two 
loops, C1C2, in the fundamental group means that the particle will travel C2 first 
and then Ci. So, the combined magnetic flux, in this convention, is a{CiC2, xq) = 
a{Ci,xo)a{C2,xo). 




Fig. 2; For two or more vortices, we choose one standard path for each vortex. 

Let us consider what will happen if we interchange two vortices. Let the flux 
of vortex 1 and 2 be hi and h2 respectively. If we interchange the vortices counter- 
clockwise. Fig. 3a, the magnetic flux of them will change. We have to flnd two loops 



4 



such that after the interchange, they will deform to the standard loops. Then the 
group elements associated with them are the magnetic flux of the vortices after the 
interchange. From Fig. 3b, we find that 



hi — > /11/12/ii ^ 
h2 ^ hi . 



(2.3) 



We will rely on this kind of loop tracing method to calculate various processes in the 
coming sections. 




a) 



b) 



Fig. 3: In a), the two paths are the standard paths based on the same based point. 

The dark curves with arrows represent the interchange of the two vortices. In b), 
the two paths will deform to the standard paths after the interchange of the two 
vortices. So the flux associated with them are the flux of the two vortices after the 
interchange. 
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3. Vortices on higher genus surfaces 

The basic element of an orientable surface with genus greater than zero is a 

[17] 

handle. All compact surfaces can be classified according to the number of handles 
they have. For a single handle, there are two generators in the fundamental group. 
We can choose the generators to be the loops a and /3 in Fig. 4. Then it is easy to 
see that the loop in Fig. 5 is equal to ai5or^^~^. 




a) b) 

Fig. 4: The wide curves represent a handle that stands out of the paper. The two 
standard paths of the handle are the a in a) and /3 in b). Part of /3 is under the 
handle. 
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Since a and /3 are non-contractible, a charged particle transported along them may 
be transformed by an element of the gauge group. By sending charged particles along 
the loops, we can measure the group elements associated with them, for example, 

a ^ a 

where a, b & G. 

What will happen if a vortex winds around the loops? We expect that the mag- 
netic flux of the vortex and group elements associated with the loops will change. We 

can calculate the changes by the loop tracing method as in section 2. This means that 
we have to find loops such that after the traveling of the vortex, these loops deform 
to the standard loops we used to measure the flux. 

If the vortex with flux h winds around the loop in Fig. 6a, we will say that it 
winds around a. It implicitly means that we have chosen a path (in this case, the 
path can be a straight line segment,) from the position of the vortex to the base point 

and the vortex goes along this path, then the a defined in Fig. 4 and finally that path 
again in reverse. If also the elements associated with a and /? are a and b respectively, 
from Fig. 6b, c and d, we find that they will change to 

h aha~^ 
a — > ahah~^a~^ 
b — > aha~^h~^bah~^a 

If the vortex winds around /3 in a similar sense, from Fig. 7, they will change to 

h h-^bhb-^h 
a ah 



(3.1) 



(3.2) 



(3.3) 




c) d) 

Fig. 6: The motion of tlic vortex is represented by the loop in a). It is also called 
the a loop. After the motion of the vortex as in a), the path in b) will deform to 
the standard path in Fig. 1. The path in c) will deform to the standard path a in 
Fig. 4a. The path in d) will deform to the standard path /3 in Fig. 4b. 

Is it possible to assign arbitrary group elements to a and /3? The answer is yes, 
at least locally. Prom (3.2) and (3.3), it is easy to see that even if the group is abelian 
and initially the clement associated with each loop is the identity, after the winding 
of a non-trivial vortex, the group elements arc no longer trivial. So, we can transfer 
the magnetic flux from a vortex to the handle by sending the vortex to go along a 
or To excite the handle to a state with a i— > a and /? i-^ 6, consider the following: 
We assume that vortices with arbitrary flux exist and initially the group elements 
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c) d) 

Fig. 7: Similar to Fig. 6, the loop in a) represents the motion of the vortex. Paths 
in b), c) and d) will deform to the standard paths in Fig. 1, a and /3 in Fig. 4 
respectively. 

associated with a. and /3 are the identity. And we send an ah~^a^^ vortex to go along 
OL. Then, we send an a vortex to go along /3. By (3.2) and (3.3), we have 

a P 

a ^ e — > e — > a 

(3-4) 

/3 I— > e — > aba — > b . 

Thus, after the vortices execute the prescribed motion, the loops a and P are associ- 
ated with the desired group elements a and b respectively. 

If the throat of the handle is small or we ignore the internal structure of the 
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handle and there are no pointhke vortices hiding inside the handle, we can measure 
the flux of the "particle" by the loop in Fig. 5. The flux is aba~^b~^; the flux carried 
by a handle must be in this form. 

Now let us formulate the theory in precise mathematical terms. Let the space be 
an orientable connected surface, E. If there are n vortices on it, we have to consider 
the fundamental group of the surface with n punctures and a base point, 7ri(E(n), xq). 
The combined magnetic flux (or group elements) of vortices or handles follows from 
the multiphcation rule of the fundamental group. Any classical state of the vortices 
and the surface is a homomorphism from 7ri(E(n), xq) to G, 

p : 7ri(E(n),xo) G . (3.5) 
If the surface is also compact, there is one relation between the generators of the 

[17] 

fundamental group. For example, the relation for a surface of genus g, E^, is 

ai^ia^^ f3^^ . . . agfigUg^ I3~^ = e . (3.6) 
For the compact surface of genus g with n punctures, Ep(n), the relation is 

aif3ia^^f3^^ . . . ag(5gag^(3g^Gi ...Gn^e (3.7) 

where our convention for the loops is shown in Fig. 8. 

The flux of the vortices and handles must satisfy this relation. For example, the 
relation associated with a single vortex on a sphere is 

Ci = e . (3.8) 

It is inconsistent to put a single non-trivial vortex on a sphere. Also, the relation of 
a torus without any vortex is 

aiAaf^/Sf ^ = e . (3.9) 
Therefore, the group elements associated with the two loops must commute. 
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Fig. 8: A compact surface is represented by a large sphere with handles here. We 
choose the standard positions of the n vortices and the g handles as in this figure. 
We also choose a standard path for each vortex and the two standard paths a and /3 
for each handle. The positions and the paths are consistent with Fig. 2 and Fig. 4. 

This is a global constraint on the possible flux. We have seen that we can excite 
the handle to any state locally. We will show that it is possible to construct the 
state corresponding to any homomorphism, p : 7ri(S(n), xq) ~^ G. Wc assume that 
we can create vortex-anti-vortcx pairs with arbitrary flux; to construct the state 
corresponding to p, we create two sets of vortex-anti-vortex pairs. The first set 
consists of n pairs. They contain exactly the n vortices that we want. Then we 
have n anti- vortices left and push the anti- vortices to some simply-connected region. 
The second set of vortex-anti- vortex pairs contains 2g pairs with appropriate flux. By 
sending them to go along the a's and the /3's, we can excite the handles to the desired 
states. After they go along the loops, their flux will be changed. Now, the combined 
magnetic flux of the resulting second set of Ag vortices will no longer be trivial. Let us 
push them to the same simply-connected region that contains the n anti- vortices. We 
claim that the combined magnetic flux of the first set of anti- vortices and the second 
set of vortices is trivial. Since the surface is compact, a loop wrapped around that 
region can be deformed to a loop that wraps around all handles and the n vortices. 
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The magnetic flux measured along this loop must be trivial because the flux assigned 
by p satisfies the relation (3.7). This means that the combined magnetic fiux of the 
left-over vortices is trivial. They can completely annihilate each other and the state 
of the surface with the n vortices is given by p. We conclude that the space of all 
states is Hom(7ri(E(n), xq), G). 

When we consider the kinematics of the vortices on the surface, at low energy, 
they are not allowed to collide with each other. And because the magnetic flux we 
measure depends on the loops we choose, to determine the flux after any motion, the 
vortices must be brought back to some standard positions. This kind of motion is 
exactly described by the braid group of the surface. 

If a collision of particles is not allowed, the configuration space of n distinguishable 
particles on a surface, E, is — A where A is the subset of E" in which at least two 
points in the Cartesian product coincide. The permutation group Sn has an obvious 
action on this configuration space. The configuration space of n indistinguishable 
particles is then (E"^ — A)/Sn- The definition of the braid group of n points on the 
surface is'^^'"' 

S„(E)=7ri((E"-A)/5„) . (3.10) 

If the surface is the plane, R^, the braid group Bn{R^) is the usual braid group with 
n — 1 generators which interchange adjacent points. In BnCEg), there are 2g more 
generators. They are the ctj and Pi, 1 < i < g ets shown in Fig. 9* (We use the same 
symbols a and /3 to denote the loops in the fundamental group and the generators of 
the braid group as explained above (3.2).) 

These generators are not independent. They satisfy, in our convention, the fol- 



■k We use a different convention from Ref. 13 because the a's there involve all handles. 
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lowing relations. 



N-il >2, 

aiai+iai = ai+ia-,a,+i 1 <i <n-2 , 



(JlClpCT^ ai = CllCTlQpCT^ 



e 2<i<n-l, l<l<g , 
e 2<i<n-l, l<l<g , 

l<p<l<g , 
l<p<l<g , 

uiapaiap — apa\apai 

aij3pail3p = f3p(Ti(3p(7i 
otpCTi^f^iai = a^^Piaiap 
Ppa^^aiai = a^^aiai^p 
aiapaiPp = Ppaiapa^^ 



i<P<9, 

l<p<l<g , 
l<p<l<g , 
1 <P < 5' ■ 



(3.11) 




Fig. 9: These are the conventions for the braidings of the vortices with each other 
and with the handles. They are equal to the braidings in Fig. 3a, Fig. 6a and 
Fig. 7a. 
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There is a natural action of the braid group of surface with n points on the 

fundamental group of the surface with n punctures defined as follow. If r G Bn{T,) 
and 7 G 7ri(S(n), xq), define r(7) to be the loop such that after the motion of the 
n points according to r, the loop will deform to 7. By the calculation in (2.3), (3.2) 
and (3.3), we find that the nontrivial actions for Bn{'Sg) are 





= C'i+l 












= ajCiajC^^aJ^ 












= ajCi 







(3.12) 



It is easy to check that this definition satisfies the relations (3.11). This action induces 
an action of the braid group on the states of the vortices and surface. And this is 
exactly how the state will be changed after the motion of the vortices. 



4. Semi-classical analysis 

We are going to argue that if we specify the flux of a and /3 of a handle, we know 
the quantum state of the handle completely. (Of course, a general quantum state of 
the handle could be a linear combination of the flux eigenstates of a and /3.) The 
scheme is as follows. We try to flnd out a complete set of commuting observables by 

first choosing an observable, say A, and find out its eigenstates. In general, there is 
more than one independent eigenvector with the same eigenvalue. So, we find another 
observable, B. which commutes with A. Then we can decompose the eigenspaces of 
A with respect to B. If the dimensions of the simultaneous eigenspaces of A and B 
are still greater than one, we flnd yet another observable which commutes with both 
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A and B and decompose the eigenspaces and so on. This process will stop if all the 
simultaneous eigenspaces are one-dimensional or we run out of observables. 

In our case of discrete gauge theory, there are not many observables. First of all, 
the theory is topological. We don't have any local excitations, and the only things 
that wc can measure are the magnetic flux and the electric charge bounded by a loop. 
For a handle, we can send charged particles to go along a and f3 to measure the flux 
of them. The measurement of one loop docs not affect the ffux of the other, therefore 
these two observables commute. Let us denote the state of a handle that a maps to 
a and /3 maps to 6 by \a, b, X) where X specifies any other quantum numbers needed 
to completely specify the state of a handle. Our objective is to prove that no such 
X is needed. Now, the only other possible degrees of freedom, X, are the charge 
bounded by the two loops. It turns out that we cannot measure the charge bounded 
by a, say, without messing up the flux of (3. The charge measurement of a docs not 
commute with the measurement of the flux of f3 and vice versa. Since these arc all 
the observables in the theory, the flux of a and /3 form a complete set of commuting 
observables and we do not need any X. 

We now explain why we cannot measure the charge bounded by a without af- 
fecting the flux of (3. The only way we can measure the charge bounded by a 
loop is to send vortices along the loop and deduce the charge from the interfer- 
ence pattern!*' (We explain how to measure flux of a vortex by charged particles 
and how to measure the charge of a particle by vortices in the Appendix.) If the 
handle is in the state \a,b,X) and the flux of the vortex is h, the initial state is 
\h) ® \a,b,X). Now, suppose that the vortex winds around the loop a, from (3.2), 
the final state is \aha~^) ® \ahah~^a~^ , aha~^h~^bah~^a~^ , X') where the quantum 
number X may change to X' after the winding of the vortex. The interference term 
is {h\aha~^){a,b,X\ahah~'^a~^,aha~^h~^bah~^a~^,X'). The first factor is non-zero 
if a and h commute, but then the second factor is {a,b, X\a,bh~^ , X') which is zero 
for non-trivial h; there is no interference and we cannot know the charge bounded by 
a. 
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Notice that in some state of the handle, a can bound some well-defined electric 
charge. For example, in the state — == ^^^^^ |e, 6), the charge bounded by a can 

be measured and it is trivial. Some other linear combinations will give non-trivial 
charge, however, none of these ct-charge eigenstates are /9-flux eigenstates. 

Recall that if the state of the handle is |a, 6), it carries magnetic fiux ahar^h~^ . In 
the neighborhood of such a handle, (in general, in the neighborhood of a vortex with 
non-trivial magnetic flux), it is impossible to implement a global gauge transformation 
h\ih does not commute with the flux of the handle. That is when wc try to extend a 
local gauge transformation h along a loop around the handle, the transformation will 
be conjugated by the flux of the handle at the end of the loop. There is no way to 

f 181 

solve this inconsistent boundary condition, called the global color problem. We can 
only consider global gauge transformations that are in the normalizer of a6a~^6~^, 
-^ofto-ifc-i- Under such a gauge transformation /i, the state is transformed to 

\a,h) ^\ha}r^,hbhr^) . (4.1) 



Semi-classically, linear combinations of these states are physically attainable. The 
vector space spanned by all these states of a handle can be decomposed to a direct 
sum of irreducible representations of ^aha-^h-^- These irreducible representations are 
the possible Cheshire charges that a handle can carry. Notice that the mathematical 
structure of this vector space is equal to the structure of the states of two vortex- 
anti- vortex pairs. They can carry the same kinds of Cheshire charge. 

Particles that carry both magnetic flux and electric charge are called dyons. The 
mathematical tool to classify them is the quantum double of a group and its represen- 
tations. We will give a brief review of the necessary details here. Interested readers 
can look up the references for a full account!"'^'''"' 

The difficulty of classifying dyons is that when a dyon carries magnetic fiux a, we 
can only consider electric charges which fall into the representations of the normalizer 

★ I thank Hoi-Kwong Lo for pointing this out to me. 
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of a, Na- If there are two dyons with flux a and b, their electric charges will be 
classified by Na and Ni, respectively. However, when we consider the two dyons as a 
whole, the total magnetic flux will be ab (in some convention) and the electric charge 
must be a representation of N^b- We will find out that the irreducible representations 
of the quantum double have exactly this property. They are labeled by the flux 
and an irreducible representation of the normalizer of the flux. A tensor product 
of two irreducible representations can be decomposed to a direct sum of irreducible 
representations of the normalizer of the total flux. There is also an element in (the 
tensor product of two copies of) the quantum double to implement the braiding 
operation. 

Let us begin by recalling some properties of representations of a group. Any 
representation of a group, G, on a vector space, V, is a homomorphism 

: G ^ End{V) . (4.2) 

This homomorphism can be extended linearly to the group algebra, C[G], by 

Hj2kihi)^J2^icl>{hi) , (4.3) 

where ki & C. When we consider the tensor product of two representations, (p = 
(pi X 4>2, we have 

(t){h)^Mh)^Mh) , (4.4) 

if /i is a group element. In order to lift to the group algebra, we deflne the comulti- 
plication, A : C[G] ^ C[G] C[G], by 

AQ^kihi) = J2kihi®hi . (4.5) 

Then, 0(/i) = (0i (g) (f)2)A{h) where now h can be any element in the group algebra. 
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The physical meaning of the comultiphcation is that when a system consists of two 
subsystems, comuhiphcation bridges between the transformation of the whole system 
and the individual transformations of the subsystems. In general, if the symmetry 
transformations of a theory form an algebra, we expect there is a corresponding 
comultiphcation to relate the symmetry transformations of the whole system and the 
subsystems. 

Now, consider the gauge theory of a finite group, G, in two spatial dimensions. 
From the above discussion, we expect to have the following operators. For each 
element, a, of G, there is the gauge transformation operator of a. We can implement 
this operator by sending an a vortex around the base point (in some convention). 
The system does not change but the basis we used to measure the flux and charge 
has changed by a gauge transformation. It is equivalent to relabel everything in 
the system. For example, if the flux of a vortex is initially labeled by h, after the 
transformation, it is labeled by aha~^. We denote this operator by the same symbol, 
a. 

An observer far away from the system can also measure the total magnetic flux of 
the system relative to some flxed gauge choice. We also have a projection operator. 
Pa, for each a e G, to project to the subspace of the total flux, a. The algebra of 
operators, D{G), is generated by a and Pj, where a and h & G. 

The multiplication of a, h in D{G) is same as the multiplication in the group. 
Since Pa is a projection operator. 



After a gauge transformation of a, the magnetic flux of the system changes from h to 
aba~^, giving us 



PaPb = SabPa . 



(4.6) 



(4.7) 



We have completely determined the algebraic structure of D{G). 
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The comultiplication, A : D{G) — > D{G) ® D{G), of elements of G is the one we 
discussed before 



A(a) — a<^ a . 



(4.8) 



If the system is composed of two subsystems and the magnetic flux of them is b and 
c, then the flux of the whole system is be. Conversely, if the total fiux is a, the flux 
of the two subsystems can be any b and c as long as be = a, giving us 



(4.9) 



b,c 
bc=a 



In this equation, we have implicitly assumed some standard paths are chosen. Then 
for general elements in D{G), the comultiplication is* 



A(P«6) = A{Pa)A{b) 

= {J2P^®Pd){b®b) 



c,d 

cd—a 



c,d 
cd=a 



(4.10) 




Fig. 10: This is essentially the same as Fig. 3. The shaded areas are the locations 
of the subsystems. Region X and Y are bounded by dotted lines. 



★ Pab 'm Ref. 15 and 16 is written as 

6 
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Let us consider the two subsystems, 5*1 and 5*2, located in region X and region 
Y respectively. Our convention is that the first factor in D{G) ® D{G) acts on the 
system in region X and the second factor acts on system in region Y . What will 
happen if the two subsystems interchange positions as in Fig. 10? If the magnetic 
flux of 5"! is b, the effect of the braiding is that apart from the position change, 5"! 
does not change its state but S2 will be changed by a gauge transformation 6, 



If we define r to be the operator to interchange the two factors in a tensor product 
and R — Y^i^Ph <8) 6 G D{G) ® D{G), then the above action can be described by an 

operator IZ = t o R because 



\Sl) ® \S2) ^ (61^2)) ® \Sl) . 



(4.11) 



If S\ is not in a magnetic fiux eigenstate, we have 




(4.12) 



b€G 



n{\s{) ® \S2)) = t{Y,WSi)) ® {h\S2))) 



(4.13) 



= Y.^h\s2)) ® (ni-si)) . 



6eG 



It is easy to show that R ^ — 6 ^ and for any PJ) e 
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RA{Pab)R 



-I 



R{APa){Ab)R-^ 

{Pc ® c){Ph ® Pk){h ® b){Pd ® d-^) 



hk — a 



J^PcPhbPd^cPkbd-^ 
J^PcPhPhdh-^b^cPkbd-"^ 
J2 Phb®hPkb{b-^h-h) 



(4.14) 



hk=a 



J2 Phb^Phkh-^b 



hk=a 



J2 Pkb^Phb 



hk—a 



r{A{Pab)) . 



The meaning of this equation is the following. If an operator d e D{G) acts on 
the whole system, we can calculate its effect on the subsystems either by directly 
applying the comultiplication or by the following procedure. First, interchange the 
two subsystems in clockwise direction. Then, apply the comultiplication and finally, 
interchange the subsystems (counterclockwise) back to their original positions. 

With the multiplication, comultiplication and the R operator, (and some other 
structures) the algebra D{G) is called the quantum double associated with the group 
G: ' We have seen that the quantum double is a generalization of the group algebra 
and it has direct physical meaning in a theory with vortices. The particles in such a 
theory will fall into representations of the quantum double. 

Now we describe the irreducible representations of D(G).'^^' Let the set of all 
conjugacy classes of G be {^C}. The conjugacy class containing a will be denoted 
by [a]. For each class, fix an ordering of the elements {^C} = {^gi, . . . ,^ g^}. Let 
"^N be the normalizer of "^gi. Choose elements, "^xi, . . . Xk € G, such that "^gi = 
"^xfgiX^^ . We take ^xi = e. Consider the vector space, V,f-, spanned by the vectors 
l^^gj, ^Vi), j = 1,. . .,k and i — 1,. . .,dimz/, where {^Vi} is a basis of the u irreducible 
representation of "^N. This vector space carries an irreducible representation, H^, of 



21 



D{G) defined by 



U^{Pab)\^gj,''vi) = da,b^g^b-Ab''9jb-\D''{\-'b%rvi) (4.15) 

where "^xi is defined by ^gi — b^gjb~^. Notice that ^x^^b^Xj is in ^N. The gauge 
transformation b is "twisted" into the normahzer of the flux. It can be shown that 
these representations form a complete set of irreducible representations of D{G). Any 
representation of D{G) can be decomposed into a direct sum of these representations. 
In l^^gj, ^Vi), the conjugacy class labels the magnetic flux of the dyon, the represen- 
tation of "^A^ labels the electric charge. We can use the comultiplication to deflne the 
tensor product of representations of D{G). 

The state of an ordinary electrically charged particle is \e,^v) where now, v is 
an irreducible representation of G. The state of a single vortex in a group eigenstate 
is 1) relative to some standard path, where the 1 is the trivial representation. It 
is found that T^^^ ® ^ = n|f^ ® • • • where is a non-trivial representation of G 
and this is the Cheshire charge that a pair of vortex-anti-vortex can carry.'^^' If we 
consider the handle in a state |a; b) as a particle, it has magnetic flux aba~^b~^ ^ and 
the operator h changes its state to \hah~^ ^ hbh~^). The state of the whole handle has 
the same transformation properties under the quantum double as the state 

|a, 1) (g) \b, 1) (8) |a-\ 1) {b'^ , 1) . (4.16) 

For example, we can calculate the possible Cheshire charge of a handle by decompos- 
ing the tensor product n^**^ ® ® ^ ® Ilf \ We must be careful about the 
meaning of the expression in (4.16). It is originally for the state of four vortices or 
dyons. In this case, it represents the state of a single handle. For example, we cannot 
apply the braiding operator to it. 
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5. Dyons on higher genus surfaces 



For any surface, E, with n dyons on it, we can specify the state by choosing 
standard paths for the dyons and the handles and associating a vector in some rep- 
resentation of the quantum double for each path. One may expect that there is a 
correspondence between the multiplication of paths in the fundamental group and 
the tensor product of vectors in representations of the quantum double. However, 
the correspondence does not exist. To illustrate this, consider the product CiCi~^ in 
Fig. 2. It is trivial in the fundamental group. The state associated with it must be the 
vector in the trivial representation, but if the state associated with Ci is \hi,l), the 
state associated with C^^ is \h^^, 1). The tensor product \hi, 1) \h^^ , 1) transforms 
as a linear combination of charge eigenstates, not as the vector in the trivial repre- 
sentation. The reason why it does not work is that there is in general no "inverse" of 
a vector in any representation of the quantum double.* 

This also occurs in ordinary spacetime. For example, consider QCD in 3 -|- 1 
dimensions. When we say that there are two units of red charge inside a closed 
surface, we mean that we have chosen the outward normal of the surface and after 
integrating the color electric field on the surface relative to this normal direction, 
we get two units of red charge. If we consider the product of the surface and itself 
with inward normal in the second homotopy group, and the tensor product of the 
corresponding charge, we run into the same difficulty as described above. 

However, the tensor product does give us the combined state of two subsystems. 
In 3 -|- 1 dimensions, we have to choose the outward normal (or inward normal) for 
both surfaces and determine the states corresponding to these surfaces. Then the 
state of the combined system is given by the tensor product. In our case of dyons, 
the orientations of the standard loops must be in the "same sense." For example, if 
the states associated with Ci and C2 in Fig. 2 are 1) and |/i2, 1) respectively, the 
state associated with C1C2 is 1) (8) |/i2, 1)- 

★ I thank John Preskill for giving me this example. 
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For a compact surface, S^, with n dyons, we choose the conventions in Fig. 8. 

The states of the dyons can be measured by charged particles and vortices travehng 
around Ci (sec Appendix). We can denote the state where maps to aj, Pi maps to 
hi and Cj maps to \hj, '^^v) by 

|ai, hi,...,ag, bg; hi, "'v; ...]hn, ''"v) . (5.1) 

A general state will be a linear combination of these. 

The state must satisfy the relation discussed in section 3. This means that for 
the state 

Y,kA4\bt^-hf,^^v^,^), (5.2) 

r 

where the k^s are constants, the tensor product 

Y,kr\a!(\ 1) ® \h^\ 1) ® \{a^Y\ 1) ® \{h^^)-\ 1) 

r 

\4\ 1) ® \hP, 1) ® \{aPr\ 1) ® \{h^gY\ 1) ^^'^^ 

® \h^^\ ""^V^r^) (g) . . . ® \h^n\ ""V^^j.)) 

must transform as the trivial representation, (cf. (3.7)) 

We can also consider the motion of the dyons. Similar to the discussion in section 
3, there is an action of the braid group on the states of the surface with dyons. For 

BniT.g), the action of the cr's are given by the TZ operator as discussed above!"'' From 
(3.12), we also have 

aj\aj,bj; hi,'^^v) = {ajhiajh^^aj^ ,ajhiaJ^h^^bjajhY^aJ^) 

®ut\aj)\hi,''^v) (5.4) 
(3j\aj,bj;hi,v^'''^) = \ajhi,h];\hi)®U^,'\h];%)\hi,'''v) . 

One can also check that this definition satisfies the relations (3.11). Notice that the 
action of the ct's and /3's cannot be written as the action of some element of the 



24 



quantum double because the flux of a and /3 are not just conjugated. This represents 

the fact that if we do see the internal structure of the handle, its state is not in the 
Hilbert space of the states of a particle. If every dyon docs not carry electric charge, 
the representations Ui are trivial. All formulae here then reduce to the corresponding 
formulae in section 3. 

Let us consider an example. Suppose the group G is the quaternion group 
Q = {±1, ±i, ±j, ±A;}. There are five conjugacy classes: {!}, { — 1}, {^i}, 
and {±fc}. And there are four one-dimensional irreducible representations: the triv- 
ial representation 1 and l^^., ly, 1^ where in l^-, say, ±1, ±i are represented by 1 and 
the others arc represented by —1. There is also a two-dimensional irreducible repre- 
sentation. Notice that the normalizer of —1 is the whole group. So, if a dyon has flux 
— 1, its electric charge can be labeled by representation of the whole group. 

Assume the space is a torus and there are two vortices and one charged particle. 
A possible state is 

1^^) = ^{\h3;k,l;k,l;l,lx) + \i,-j;-k,l;-k,l;l,lx) 

- I - hj; -k, 1; -k, 1; 1, Ix) - \- h -j; k, 1; k, 1; 1, l^;)) . 

In each term, the flrst two factors label the flux carried by a and P (±i and ±j). The 
third and fourth factors are the flux (i/c) and the charge (trivial) of the flrst vortex. 
The next two factors have the same meaning. The flnal two are the trivial flux (1) 
and the charge (l^) of the charged particle. The state of the handle and the states of 
the vortices are entangled but if we consider them as a whole, they are in the state 
|1, la;), so together with the charged particle, they satisfy (5.3). 

If the flrst vortex winds around P, by (5.4), we have 

P\v) =l{\ -J, -r, k, 1; k, 1; L U + |j, j; -k, 1; -L 1; 1, U 

- I - j,-j;-k,l;-k,l-AAx) - \j,j;k,l;k,l;l,lx)) (5.6) 
-j, -j) - \hj)) ® {% 1) ® I A;, 1) - I - A;, 1) I - k, 1)) ® |1, Ix) . 

Now, the flrst factor in the above tensor product is the state of the handle, the 
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second factor is the state of the two vortices and the last factor is the state of the 
charged particle. The handle carries magnetic flux —1 and Cheshire charge ly. The 
two vortices together carry flux —1 and charge 1^. There is magnetic flux transfer 
between the handle and the pair of vortices. 

What will happen if a charged particle winds around a loop of a handle? As we 
have seen in the beginning of section 4, if the handle is in flux eigenstate, the state 
of the particle will be transformed by the flux of the loop and the state of the handle 
will remain the same. If the handle is in some linear combination of flux cigcnstates, 
something interesting will happen. For example, let the state of the charged particle 
be 1^), and assume initially the state of the handle is —^=Y2f^^Q\e,b). Then the 
charge bounded by a is trivial. If the charged particle winds around j3, then 



If we now introduce a h vortex, and wind it around a, the state changes to 
SfeeG ® bh~^), then the interference term is proportional to 



5] {e,b'\{D{b')v\D{b)v)\e,bh-') 

b,b'(£G 

= E (5.8) 

b,b'eG 

= J2{v\D{h)\v) . 
beG 

The charge bounded by a is and the flux of a is identity. We see that the charge 
of the particle is transferred to the ingoing mouth of the handle. However, the state 
of the particle entangles with the state of the handle and can no longer be specifled 
by a single vector. This kind of charge transfer between mouths of wormholes or 
handles and charged particles also occurs in 3 + 1 dimensions and for continuous 

[21] 

gauge groups. 
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6. Conclusion 



We have argued that in 2 + 1 dimensions, non-trivial topology, the handle, can 
carry magnetic flux classically. If the unbroken gauge group is finite, we can actually 
assign arbitrary group elements to the two non-equivalent loops associated to the 
handle. Scmi-classically, the state of a handle can be specified by the fiux of the two 
non-trivial loops. It can also carry Cheshire charge. On the other hand, a general 
particle will fall into representations of the quantum double, an algebra constructed 
from the gauge group. We have also explained the physical meanings of the elements 
of the quantum double, the comultiplication and the braiding operator TZ. If the 
surface is compact, there is a relation between the generators of the fundamental 
group of the space. This relation restricts the possible flux and charges of the handles 
and the dyons on that surface. If the surface is non-compact, no such relation exists. 

There is topological interaction between the dyons and the handles. The motion 
of the dyons is described by the braid group of the surface. Then, the topological 
interaction can be described by an action of the braid group on the states of the 
handles and the dyons. This action, and hence the topological interaction, can be 
completely determined by the path tracing method explained in section 2. A similar 
classical analysis in 3 -|- 1 dimensions for cosmic strings has been done by Brekke 
et. al.j^^'and the classification of dyons has been generalized to theories with Chern- 

O • ■ [23] 

bimons terms. 

APPENDIX 

In this appendix, we will recall how to measure the flux of a beam of identical 
vortices using charged particles and how to measure the charge of a beam of identical 
charged particles using vortices. 

Assume that we have a beam of identical vortices with unknown fiux, h, and we 
have charged particles in any desired states. We can send the charged particles in a 
particular state around the vortices and then observe the interference patterns. If the 
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state of the particles is \v) in some representation i/, the interference gives us 

{v\D^''\h)\v) . (A.l) 

If we replace \v) by \v) + \ \w) in the above equation where A is an arbitrary complex 
number and subtract {v\D^'^\h)\v) + {w\D^'^\h)\w) from it, we have 

X{v\D^''\h)\w) + X*{w\D^''\h)\v) . (A.2) 

Put A to be i and 1 in succession, we know the values of two expressions. A linear 
combination of them gives us 

{v\D^''\h)\w) . (A.3) 

We can now determine {v\D^'^\h)\w) for arbitrary \v), \w) and u and hence the 
matrix representation of h. If we choose 1/ to be some faithful representation, we can 
determine h. 

Now assume that we have a beam of charged particles in some unknown state, 
1^), in some unknown irreducible representation, u, and we have vortices with any 
desired flux. We also assume that {v\v) = 1. Then a similar interference experiment 
will give us 

{v\D^''\h)\v) (A.4) 

for arbitrary h. Because u is irreducible, the vectors, D^'^\h)\v) for h & G, will span 
the whole representation space. We know the inner products of these vectors because 
{D(''\hi)v\D(''\h2)v) = {v\D(''\hr^h2)\v). By Gram-Schmidt's orthogonalization, 
we can form a basis, {\ei) : i — 1, . . . d}, such that |ei) = \v) and 

|ez)-E4l^^'^^W^)- (A.5) 

h€G 

Notice that the coefficients, c^, depend only on the numbers {v\D^'^\h')\v) . We also 
have \D(''\h)v) = Ei^i^ki) for some coefficients bf. 
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Now we have a basis, so we can calculate the character of the representation and 
hence determine the representation itself. 

Suppose that there is another vector, \w), in the same representation space such 
that for all h in G, {w\D^'^\h)\w) — {v\D^'^\h)\v) . We are going to prove that \w) is 
equal to \v) up to a phase. If this can be done, we can uniquely determine the state 
of the beam of charged particles by only sending vortices around them and observing 
the interference pattern. 

Let |e^) — X^/i^G c^|-D(^)(/i)w). Since the coefficients, c\, depend only on the 
numbers {v\D^'^\h')\v) — {w\D^'^\h')\w) , |e^) form a basis. Then there is an operator 
L such that |ej) = Lje^). We claim that LD^^^h) = D^''\h)L for all h in G. First of 
all, we have \w) = |e'i) = L|ei) = |^;). Then, L>M(/i)L|^;) = L>M(/i)|«;) = Y.i ^^iK) = 
T.ib^iL\(ii) = LEib'l\ei) = LD(''\h)\v). We have 

h'eG 

h'eG h'eG 

^ L J2 cUh'D^''Hh')\v) ^ LD(-^Hh)\ei) . 
h'eG 

This proves the claim. Since v is irreducible, by Schur's lemma, L is the product of 
a constant and the identity operator and \w) — e'^^\v) because {w\w) — {v\v) — 1. 

For a beam of dyons, we can first measure the magnetic flux by sending charged 
particles around them. After we know the flux, we can measure their charge by using 
vortices with flux which commutes with the flux of the dyons. Then, we completely 
determine the state of the dyons in some representation of the quantum double. 

This analysis can be generalized to the measurement of a single particle or parti- 
cles in a reducible representation (with some limitation)!*' 



(A.6) 
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